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Given a polygon P in the Euclidean plane, what can be said about the number of lines in the 
plane which contain at least one edge of P? If P has n edges, it is easy to see that at most n 
lines contain an edge of P. Further, any convex polygon with n edges provides an example of 
such a situation. The question of interest here is what is the smallest number of lines, each 
containing one or more edges, which may be determined by a polygon with n edges? This 
number is not n and in fact does not even grow like some constant, of necessity less than one, 
times n. Rather, it grows like 6. We are actually able to determine this minimum exactly for 
most values of n and to within one for all values of n. 
1. Introduction, some definitions 
The word polygon is used to mean many slightly differen i things in the 
literature. So, we start with a definition of exactly what we shall mean by a 
polygon in this paper. By an n-gon P, we mean a set of n distinct points 
Xl, x2, . . . , x,, in the Euclidean plane, together with the segments [Xi, xi+,] for 
1 s i < n and [x,, x,]. The segments are called the edges of P, while the points are 
its vertices. Polygon will be the generic term used to refer to n-gons when the 
value of n is unimportant or not known. We shall insist that our polygons are 
simply in that distinct edges are disjoint, except possibly for a common endpoint. 
We shall also insist that our polygons are proper in that two edges with a common 
endpoint are not collinear. However, we specifically wish to allow for the 
possibility that two entirely disjoint edges may be collinear as this is what leads to 
our results. 
By an arrangement of lines, we shall mean a set of two or more lines in the 
Euclidean plane. We shall allow some of these lines to be parallel to &a,Ch cdm:, 
but we shall not want all of the lines of an arrangement to be mutually parallel. 
Given a polygon P, the set A of lines in the plane which contain at least one edge 
of P will be called the arrangement generated by P. Numerous aspects of 
arrangements have been studied by various authors for roughly 150 years. 
Despite this fact, there are still some rather curious holes in our knowledge about 
arrangements. Our knowledge about them is far from complete and most of the 
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results obtained about them to date are only partial and not complete results. Our 
results in this paper are of this type. They are almost complete, but still only 
partial. A survey of results concerning arrangements known prior to about 1972 is 
contained in [l]. That paper also contains an extensive bibliography and a number 
of unsolved problems. 
Any arrangement induces a cell decomposition on the plane. As is customary, 
we shall speak of the vertices, edges, and faces of an arrangement and mean by 
those terms the associated objects of the same names in the induced cell complex. 
In other words, a vertex is a point of intersection of two or more of the lines of an 
arrangement; an edge is a maximal segment of a line of the arrangement which 
does not contain a vertex; and a face is a connected component of the comple- 
ment of the arrangement in the plane. A face is called unbounded if it is (distance 
set) unbounded in the plane and an edge is unbounded if it is a ray. (i.e., only has 
one endpoint). An arrangement is called simple if each of its vertices is the point 
of intersection of exactly two of its lines. 
2. me main molt 
Suppose that P is an n-gon and that A is the arrangement generated by P. How 
many lines are there in A? Obviously, since each line of A contains at least one 
edge of P, there are at most n lines in A. Further, examples abound which show 
that for any n, A may actually contain n lines. As a matter of fact, the word 
polygon normally immediately brings to mind a class of polygons for which the 
number of lines in A is always the same as the number of edges of P? namely 
convex polygons. By a convex polygon, we mean what is usually meant by that 
term-a polygon that is topologically a simple closed curve and is such that the 
entire segment joining any two points of the polygon is either part of the polygon 
or lies in the bounded component of its complement in the plane. 
The question at hand is whether A may contain fewer than n lines for any 
newgon P, and if so how many fewer. A simple example showing that A may 
cU\rcam fewer than n lines is the regular five pointed star. As a polygon, it is a 
lOe<gon. However, it g&erates an arrangement of only 5 lines. In fact, we have 
the following result. 
Theorem 1. For every k 2 4, there is an n-gon P rwhich generates an arrangement 
A of k lines with 
(a) n = $k(k - l)-3 when k is odd, and 
ib) n = $k( k - 2) when k is even. 
e proof of this theorem forms the major part of this paper. However, before 
proceeding with the proof, we wish to show how it may be used to find the 
:ninlr lum number of lines in an arrangement generated by-an n-gon for most 
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values of n. Even in those cases where it does not allow us to find the minimum 
exactly, it does allow us to find the minimum to within one. 
There are at most (5)= 1 ,k(k - 1) distinct points of intersection among k lines. 
As a consequence, the best bound to be hoped for in Theorem 1 is n = ik(k - 1) 
as every vertex of a polygon is also a vertex of the arrangement which it 
generates. 
If A is the arrangement generated by some polygon P, then consider an 
arbitrary line, L, of A. For each edge of P lying on L, both endpoints of this edge 
must also lie on L and be points of intersection of L with other lines of A. 
Further, the assumption (in the introduction) that no two edges of 2. polygon with 
a common endpoint are collinear means that no point of intersection can be an 
endpoint of two different edges of P lying on L. Hence, there must be an even 
number of vertices of A on L which are endpoints of edges of P lying on L. There 
are k - 1 lines in A different from L if A contains k lines and so there may be at 
most k - 1 vertices of A on L in this case. When k is even, k - 1 is odd and hence 
at most k - 2 vertices of A on L may be endpoints of edges of P lying on L for 
any line L of A. Since each edge of P is on exactly one line of A and each vertex 
of P is an endpoint of precisely two edges, the best result to be hoped for in 
Theorem 1 when k is even is therefore n = $k(k - 2). So, Theorem 1 is best 
possible when k is even. 
A similar analysis shows that both n = $k(k-1)-l and n=jk(k-l)-2 are 
impossible as improvements to Theorem 1 when k is odd. Therefore, the only 
possible way to improve Theorem 1 by increasing n in relation to k would be to 
actually achieve n = $k(k - 1) when k is odd. For k = 5, the five pointed star 
achieves this. For k 37, we do not know whether it is possible or not. The 
numbers of the form ?k(k - 1) for k odd and at least 7 are the only ones for which 
we are unable to give an exact answer to our original question about the minimum 
number of lines in the arrangement generated by an n-gon. 
Let K(n) denote the minimum number of lines in the arrangement generated 
by an n-gon. That is, there is at least one n-gon which generates an arrangement 
of K(n) lines, but no n-gon generates an arrangement of fewer than K(n) lines. 
For k and n as in the conclusion of Theorem 1, K(n) is the k of the theorem. This 
is because keeping n fixed and replacing k by k - 1 in these cases gives a 
relationship between the size of the polygon and the number of lines determined 
by it which is impossible according to the above analysis. Theorem 1 will be 
proved by constructing certain special polygons and an inspection of the construc- 
tions which are contained in Sections 3 and 4 of this paper should convince the 
reader that slight modifications of the constructions insure the existence of 
m-gons which generate arrangements of k lines for every m with 
$(k-l)(k-2)-36m <$k(k-2) for k even 
and 
$(k - l)(k - 3) cms$k(k-l)-3 for k odd. 
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This a.:ong with the above analysis as to what is possible and not possible proves 
the following result which almost completely determines K(n). 
Theorem 2. If K(n) denotes the minimum number of lines in an arrangement 
genentfed by an n-gon and n # ik(k - 1) for any odd integer k, then K(n) is the 
smalL:~r of the following two numbers: 
(a) the smallest odd integer k such that n <$k(k - l)-3 (i.e., 
k a 4 -F J2n + (25/d)), 
(b) the smallest even integer k such that n s$k(k - 2) (i.e., k 2 l+ J2n + 1). 
If n =#Jk(k - 1) f or some odd integer k which is at least 7, then k =S K(n) =S k + 1. 
K(3):- 3, and K(lO) = 5. 
The values of K(n) which come out of this theorem for small values of n are 
contained in Fig. 1. The examples howing K(n) = k when n = ;k(k - 1) and k = 3 
ork=::s(n=3orn= 10 respectively) are any triangle and the regular five pointed 
star. The statements in parentheses in Theorem 2 come from solving the im- 
mediately preceding inequality for k in terms of n. 
It should be noted that only the minimum is of any interest is relation to the 
number of lines generated by an n-gon. It is quite clear that if the number of lines 
(k) generated by an n-gon is less than n, then slight perturbations nf the polygon 
will result in the destruction of any or all of the collinearities involved. IIer;ce, for 
any n it is rather obvious that any number between K(n) and n is possible as the 
number of lines generated by an n-gon. 
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Fig. 1. Tke values of k(n) for n ~70. For n = 21, 36, or 55 there are two values corresponding to the 
uncertg’.,ty in k(n) when n = $j(j - 1) for j an odd integer. The next such values occur at n = 78 and 
n = 105. 
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3. The pmd of Theorem 1 when k is odd 
Suppose that P is an n-gon, A is the arrangement generated by P, and that 
there are k lines in A. We wish to show that if k is odd, it may be the case that 
n = $k( k - 1) - 3. We shall do this by starting with a suitable arrang:ment A and 
then finding an appropriate polygon P which generates A. Our general argument 
is valid only for k 27. The case of k = 5, n = i(5)(4) - 3 = 7 is handled by taking 
the regular five pointed star and “cutting off” one of the points of the star. This 
results in a 7-gon which generates an arrangement of 5 lines. 
If k is odd and at least 7, let A be the arrangement generated by the regular 
k-gon. (Here, regular is used in the normal sense of a convex polygon in which all 
of the edges have the same length and all of the angles have the same measure.) 
This is a simple arrangement of k lines with 3 k( k - 1) vertices and a great deal of 
symmetry. For clarity, we shall speak of “coloring” certain edges of the arrange- 
ment, and of colored edges. We simply use these terms to indicate which edges of 
the arrangement we wish to be concerned with during the course of the proof. 
We shall form the desired polygon P which generates A by coloring certain 
edges of A. These colored edges will (largely) form the polygon P. Initially, they 
will form a series of nested star figures. “I‘hese will then be linked to form P. 
First, color all of the bounded edges of A which are adjacent to unbounded 
faces of A. Next, suppress all of the vertices of A which are endpoints of colored 
edges and all of the edges of A which have these vertices as un endpoint. Now 
color all of the edges of the resulting figure that are adjacent o the unbounded 
region of its complement. Again, suppress all vertices with colored edges adjacent 
to them and all edges having an endpoint at one of these vertices. Repeat the 
process of coloring the edges of the resulting figure which are adjacent to the 
unbounded component of the complement, and again suppress vertices adjacent 
to colored edges and their incident edges. Continue this process until every vertex 
of the arrangement has at least one colored edge incident to it. 
If k = 1 (mod 4), this process produces $(k - 1) concentric olored 2k-gons. If 
k = 3 (mod 4), it produces $(k - 3) concentric colored 2k-gons and one colored 
k-gon, namely the one used to generate A. In either case, every vertex of the 
arrangement will have precisely two colored edges incident to it and will be a 
vertex of precisely one of the colored polygons. 
Let 21 be a vertex of the k-gon which was used to generate A, and let rl and r2 
be two of the four rays along lines of A which have ZJ as an endpoint. These two 
rays are to be chosen so that they are not opposite rays (i.e. are not collinear) and 
so precisely one of them, say r,, contains an edge of the k-gon. 
Interchange the property of being colored among the bounded edges of A lying 
on the ri. That is, color the bounded edges that were not colored before and 
eliminate the coloring from those that were colored. Now, recolor the bounded 
edge of r2 which is farthest from v and uncolor the edge of A which lies between 
the ri and is farthest from v (see Fig. 2). 
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Fig. 2. The colored (solid) edges between the ri (a) before arrd (b) after the color reversing process. The 
conditions on the choice of the ri mean that there are no vertices of the arrangement between them. 
The case shown here is k = 17. 
The final result is a collection of colored segments 
properties. 
P having the following 
Claim. G) Every vertex of A is a vertex of P, with three exceptions. These 
exceptions are u, the vertex o!E A lying on r1 farthest from u, and the vertex of A 
on r2 which is adjacent o thr vertex of A on ;Y~ farthest from 21. 
(ii) P is a simple closed c’rcuit and hence a singk polygon. 
Proof. (i) All the vertices of A not lying along either rl or r2 were not affected by 
the color reversing process and hence will be vertices of P by the original coloring 
and the symmetries of the arrangement. v has two collinear edges adjacent o it 
both of which are colored and so is not a vertex of P. (Only one of these edges lies 
along on.: of the ri,) All other vertices of A lying along either r1 or r2 except hose 
farthest ’ 3rn u on each ray and the one adjacent cj this vertex on r, had one of 
the: edge; along the ri incident to them uncolored by the color changing process 
and the other such edge colored by it; hence they still have two non-collinear 
colored edges incident to them and are vertices of P. The vertex farthest from ZJ 
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along r2 was in the end left unchanged by the color reversing process and so is a 
vertex of P However, the vertex adjacent to it along r, now has two colored 
edges adjacent o it both of which lie along r2 and hen,-e is not a vertex of P. The 
vertex of A farthest from 21 along rl no longer has any colored edges incident o it 
and so does not belong to P. 
(ii) The fact that P is simple is a direct consequence of the fact that no vertex of 
A has more than two colored edges adjacent to it. P is closed because very 
vertex of A has an even number of colored edges incident to it and for P not to 
be closed, some vertex of A would have to have just one colored edge at it. 
Hence, P is the union of simple closed circuits, and we need only show that P is 
connected. 
Clearly, if two points of P not between the ri were on the same circuit in the 
original coloring, they are still in the same connected component of P in the 
revised coloring. If we number the original concentric olored polygons, the effect 
of the first part of the color revision is to connect all of the odd numbered “rings” 
to each other and all of the even numbered ones to each other. So, P can have 
only two connected components. But, the last part of the color revision has the 
effect of connecting these two parts at u and at the vertex farthest from ZJ along r,. 
Therefore P is a single connected circuit and hence a single polygon. 
This completes the proof of Theorem 1 for the case in which k is odd. The 
polygon P is the one that was desired at the outset. The construction of P makes 
it quite clear that P generates A, an arrangement of k lines. Further, condition i 
of the claim above means that P is a (ik(k - 1) - 3) - gon as was desired. 
4. The proof of Theorem 1 when k is even 
If k is even, there is a proof of a result similar to :;hat of Theorem 1 which is an 
exact imitation of the proof for k odd in Section 3. However, since opposite edges 
of the regular k-gon are parallel when k is even, the arrangement A only has 
$k( k - 2) vertices and the polygon P only has $k( k - 2) - 3 vertices. While this is 
close to the result of Theorem 1 for k even, it is not quite the desired result 
(n = $k( k - 2)). By eliminating one of the parallelisms involved, we have managed 
to find a $k(k - 2) - 1 gon which generates an arrangement very similar to the 
arrangement generated by the regular k-gon. The polygon P is also quite similar 
to the one constructed using the techniques of Sect!.on 3. But, again the result is 
not quite the one t.ve are looking for. Eliminating the other parallelisms in the 
regular k-gon for k even does not appear to lead to any further improvements 
either. The proof given below for k even is not as slick or polished as the proof in 
Section 3 for k odd. However, it is the only proof we know of which actually 
achieves n = i k( k - 2) in the conclusion of Theorem 1 when k is even. 
Before proceeding, we need a few additional definitions. A polygon is said to be 
inscribed in an arrangement A provided that A is the arrangement generated by 
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that polygon. This means that all of the edges of the polygon lie on lines of A, all 
of the vertices of the polygon are vertices of A, and every line of A contains at 
least one edge of the polygon. Two vertices of an arrangement on a common line 
are said to be neighbors provided that there is no vertex of the arrangement 
interior to the segment joining them. A vertex is said to be extreme on a line 
provided one of the two half-lines emanating from it along the given line does not 
intersect any other line of the arrangement. Finally, we shall say that an 
arrangement A is of type X provided that the following hold: 
(i) Every line of A intersects every other line A and no three lines of A have 
a point in common. 
(ii) There is a special ine L in A which has the property that all of the vertices 
of A are contained in one of the two closed half-planes bounded by L. 
(iii) We may inscribe a ik( k - 2).gon in A so that for one of the vertices u1 of 
A on L, vI is interior to an edge of the polygon lying on L, v1 neighbors an extreme 
vertex of L, and v1 is not itself a vertex of the polygon. 
Fig. 3. Examples of arrangements of type X for k=4(a)and k=4(b). 
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We shall now complete the proof of the theorem by showing that for each even 
k which is at least 4, there is an arrangement of type X. Condition (iii) of the 
definition of type X insures that we are able to inscribe a polygon satisfying the 
conclusion of Theorem 1, part (b), in any arrangement of type X. We shall show 
ahe existence of arrangements of type X by induction from k to k + 4. Fig. 3 starts 
the induction by presenting arrangements of type X for k = 4 and k = 6. 
Let A be an arrangement of k lines of type X, and L be the special ine of A. 
We construct from A an arrangement A’ of k +4 lines by adding four lines K, M, 
IV, and L’ as shown in Fig. 4. The four new lines are to intersect each other and 
every line of A in the haif-plane bounded by L which does not contain any 
vertices of A. These intersections should occur in the regions indicated in Fig. 4 in 
such a way that every pair of lines in the resulting arrangement intersects and no 
three lines have a point In common. L’ is the special ine of A’ and A’ has k +4 
lines and $( k + 4)( k + 3) vertices. 
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Fig. 4. The construction sf A’ from A and P’ from P in the proof of Theorem 1 for k even. L is the 
special line of A, L’ the special line of A’. The unused vertices of A’ are marked with arrows, along 
with the vertices mentioned in the proof. 
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By condition (iii) of type X, we may inscribe a specie! kind of $k(k - 2).gon in 
A. Let P be such an inscribed polygon, and let v2 be the extreme vertex on L 
neighboring v 1. We shall now inscribe a $( k + 4)(k + 2)-gon P’ in A’ as follows. 
We keep all of P except for [vl, v,] and connect v1 to v, by means of edges of A’ 
that do not correspond irectly to edges of A as shown in Fig. 4. The vertices v{ 
and v$ on L’ in A’ correspond to the roles of v1 and v2 respectively in A. 
The first thing to note is that P’ is indeed a polygon. Next, since A has $k(k - 1) 
vertices and ik( k - 2) of these are also vertices of P, there are exactly $k vertices 
of A which are not vertices of I? Vertices of A other than v1 are vertices of P’ if 
and only if they were vertices of P. There are exactly three vertices of A’ which 
are not vr’rtices of A and are also not vertices of P’. Also, vl is a vertex of P’, but 
was not a vertex of I? Hence, there are ik + 2 vertices of A’ which are not vertices 
of P’. Since A’ has $( k + 4)( k + 3) vertices, this means that P’ has $( k + 4)( k + 2) 
vertices. Thus, condition (iii) of the definition of type X is verified and A’ is an 
arrangement of type X, which completes the proof. 
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